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Abstract: Optical manipulation is interfacing disciplines in the micro and nanoscale, from
molecular biology to quantum computation. Versatile solutions for increasingly more sophisticated
technological applications require multiple traps with which to maneuver dynamically several
particles in three dimensions. The axial direction is usually overlooked due to difficulties
in observing particles away from an objective-lens focal plane, a normal element in optical
tweezers, and in managing interparticle distances along the trapping beam propagating direction,
where strong radiation pressure and shadowing effects compromise the simultaneous and stable
confinement of the particles. Here, aperiodic kinoform diffractive lens based on the m-Bonacci
sequence are proposed as a new trapping strategy. This lens provides split first-order diffractive foci
whose separation depends on the generalized m-golden ratio. We show the extended manipulation
capabilities of a laser tweezers system generated by these lens, in which concomitant trapping of
particles in different focal planes takes place. Positioning particles in the axial direction with
computer-controlled distances allows dynamic three-dimensional all-optical lattices, useful in a
variety of microscale and nanoscale applications.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

With the advent of nanoscience, laser manipulation is becoming a key tool in multiple areas
of interdisciplinary science, such as molecular biophysics, condensed matter and quantum
technologies [1–4]. A wealth of trapping designs to control micro and nanostructures are being
generated with specific features that enable atom cooling, particle confinement, thermodynamic
descriptions of molecular motors away from equilibrium or single-molecule mechano-chemical
analyses of nucleic acids, proteins and viruses, to name a few [5–10]. Optical tweezers are a
versatile instrument with which to confine structures, measure forces (down to femto Newtons)
and distances (in the subnanometer range), detect temperature gradients or scan structures in
physiological environments to a high resolution [11–15]. In the last decade, structured beams
have expanded the maneuvering capabilities of this instrument: elliptically polarized beams
and the generation of vortices enable particle rotation [16–18], and both interferometric and
holographic methods demonstrate simultaneous control on multiple particles [19,20]. In this
regard, the use of spatial light modulators with which to model the phase of the beam largely
increases the flexibility in beam-structure designs for optical tweezers [21].

On the other hand, a renewed interest in diffractive optical elements has been raised in the
last decades due to their capability to boost novel devices in the optical range [22,23] and other
electromagnetic windows [24–26]. Diffractive lenses based on fractal aperiodic sequences present
interesting properties for the generation of multiple foci with an extended depth of field [27–29].
The design of new multifocal diffractive lenses using other aperiodic sequences, such as the
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Thue-Morse [30] sequence or Walsh functions [23], is also possible. We previously introduced
a new diffractive bifocal structure, the Fibonacci Zone Plates (FZP) based on the Fibonacci
sequence, and proved both theoretically and experimentally that an FZP provides a pair of foci
whose separation depends on the golden ratio under monochromatic plane wave illumination
[31]. We then proposed a generalization of the FZP, the so-called m-Bonacci [32]. Since it is
possible to generate multiple optical vortices by combining aperiodic lenses with a helical phase
mask [33], the incorporation of these diffractive elements offer great flexibility in the design and
applications of optical tweezers systems [34,35].That is why the implementation of diffractive
lenses is a highly efficient option in the development of new optical tweezers setup.

In this work, we design and implement an optical tweezers system with a Kinoform m-Bonacci
lens. After introducing the theoretical basis and focusing properties of the lenses, we show that the
diffractive properties of these lenses allow multiple trapping and simultaneous three-dimensional
manipulation of particles at different focal planes with controlled separation. We end up by
discussing applications in which our trapping strategy could lead to technological solutions in
interdisciplinary fields.

2. Kinoform m-Bonacci lens design

The Kinoform m-Bonacci Lenses (KmBLs) are diffractive pure phase elements based on the
m-Bonacci sequence, a generalization of the Fibonacci sequence [32]. The m-Bonacci set of
numbers are obtained from m given elements Nm,0 = 0, Nm,1 = 1, and Nm,j =

∑︁j
i=1 Nm,j−1 with

1<j<m. From these seed elements, the Sth element of the m-Bonacci set of numbers is obtained

by applying the iteration rule Nm,S =

m∑︂
i=1

Nm,S−1 with S ≥ m. As an example, to define the

Tribonacci numbers serie, we start from the first m elements as seeds: N3,0 = 0, N3,1 = 1, and
N3,2 = N3,0 + N3,1 = 1. Then, the next Tribonacci numbers (S>3) are obtained by applying the
iteration rule N3,i = N3,i−1 + N3,i−2 + N3,i−3, so N3,i = {0, 1, 1, 2, 4, 7, 13, 24, 44 · · · }. Given the
m-Bonacci series, the generalized golden number or golden ratio is defined as the limit in the
proportion between two consecutive m-Bonacci numbers:

φm = lim
S→∞

Nm,S

Nm,S−1
(1)

resulting φ2 = 1.618 for the Fibonacci series (m = 2), i.e, the well-known golden ratio, whereas
for Tribonacci (m = 3) and Tetranacci (m = 4) series the corresponding generalized m-golden
ratio are φ3 = 1.839 and φ4 = 1.927, respectively.

Following a similar procedure, it is possible to generate a binary m-Bonacci sequence starting
from m given seed elements and the concatenation of the previous ones tm,j = {tm,j−1 tm,j−2 · · · tm,0}
with 1<j<m. Then, higher order S ≥ m sequences are obtained by concatenating the preceding
m elements, tm,S = {tm,S−1 tm,S−2 · · · tm,S−m}. To obtain the m = 3 sequence, in accord with the
Tribonacci example, we start from the seed elements t3,0 = {B}, t3,1 = {A} and t3,2 = {AB}.
Then, the successive order sequences are constructed by applying the concatenation rule t3,S =
{t3,S−1, t3,S−2, t3,S−3}, obtaining t3,3 = {ABAB}, t3,4 = {ABABABA}, t3,5 = {ABABABAABABAB},
and so on.

In order to design a KmBL, we have to note that two successive elements "B" are separated
by either one or two "A" elements in any given sequence tm,S. These sequences can be used to
define the generating function, Φ(ζ), for the quadratic radial phase distribution of the lens: Φ(ζ)
is a function with compact support in the interval [0, 1] that varies linearly between Φ = 0 rad
and Φ = 2π rad at each sub-interval {AB} of the sequence and becomes Φ(ζ) = 0 rad otherwise
(see Fig. 1(a)).

The radial surface-relief profile of the KmBL with m = 3 and S = 6 is shown in Fig. 1(b). The
normalized squared radial coordinate is defined as ζ = (r/a)2, where r is the radial coordinate of
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Fig. 1. (a) Construction of the KmBL phase profile from the t3,6 sequence represented in
the normalized square radial coordinate. (b) Surface-relief profile of the KmBL with m = 3
and order S = 6.

the lens and a is the external radius. The KmBL profile can present as a Fresnel kinoform lens
with an aperiodic distribution of half-period defects.

3. Focusing properties

To evaluate the focusing properties of KmBLs, we have computed the axial irradiance under
monochromatic plane wave illumination by using the Fresnel approximation:

I(u) = 4πu2
|︁|︁|︁|︁∫ 1

0
t(ζ) exp(−2πiuζ)dζ

|︁|︁|︁|︁2 (2)

where u = a2/2λz is the reduced axial coordinate, λ is the wavelength of the light, z is the focal
length, and t(ζ) = exp |iΦ(ζ)| is the transmittance function, being Φ(ζ) the phase of the lens.

Figure 2 shows the KmBL axial irradiances for Fibonacci (m = 2, S = 12, a = 6.99 mm),
Tribonacci (m = 3, S = 10, a = 7.11 mm) and Tetranacci (m = 4, S = 9, a = 6.05 mm) series.
The KmBLs provide a pair of foci whose vergences can be related to the generalized m-golden
ratio. For the three lenses herein studied, the order S and the lens radius a have been tuned
to provide the intermediate position between foci at the same axial position. Focal planes are
located at fa = 3.87 D and fb = 2.39 D for Fibonacci, fa = 3.4 D and fb = 2.87 D for Tribonacci
and fa = 3.26 D and fb = 3.007 D for Tetranacci.

The locations of the focal points change as the order m increases, making the distance between
the focal planes shrink. This is an important, common feature of the three lenses, along with
the fact that the focal length ratio, fa/fb, approaches 1/(φm − 1), with φm the generalized golden
number mentioned above.
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Fig. 2. Normalized axial irradiance generated by three KmBL lenses. (a) Fibonacci
(m = 2, S = 12), (b) Tribonacci (m = 3, S = 10) and (c) Tetranacci (m = 4, S = 9).

4. Experimental results

We implemented an optical tweezers setup to show the trapping capabilities of the above design,
with diagram depicted in Fig. 3. A beam is emitted from a CW laser (λ = 1064 nm, Laser
Quantum, Mod. Opus 1064) with a maximum power of 3 W. A half-wave plate (λ/2) is placed
at the laser output followed by a linear polarizer (P), which changes the direction of the beam
linear polarization. The laser beam is then redirected by mirrors (M1 and M2) and expanded
through a system of magnification 3, formed by lenses L1 and L2 (focal length f1 = 50 mm
and f2 = 150 mm). The KmBL was projected on a spatial light modulator (SLM) (Holoeye
PLUTO-2.1-NIR-149, phase-type, pixel size 8 µm and resolution 1920 x 1080 pixels) screen.
The SLM is configured for a 2.1π phase at a wavelength λ = 1064 nm. The resulting KmBL
beam, as modulated at the SLM, is reduced by a 4f system formed by L3 (f3 = 150 mm) and L4
(focal length f4 = 150 mm).

Fig. 3. Experimental setup for trapping and manipulation of particles using kinoform
m-bonacci lens-based laser tweezers.

A 1D blazed grating is added to each KmBL, which purpose is to act as a linear phase carrier.
It allows the diffracted light to be conducted towards the first order of diffraction, thus preventing
noise caused by specular reflection from higher diffraction orders. More in depth, the beam is
spatially filtered by a diaphragm (D) placed at the focal point of L3, thus allowing only the first
order to pass. The added linear phase carrier is offset by slightly tilting the SLM, making the first
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order of diffraction align with the diaphragm’s optical axis. Then, the KmBL image is passed
through a high-numerical aperture oil-immersion objective (Olympus UPLFLN 100X, NA= 1.3),
placed at the L4 focal plane. An LED light source (Thorlabs, Mounted High-Power, 1300 mA,
Mod. MCWHL7) is included to illuminate the sample; its light is collimated and then focused on
the sample through lens L5 (f5 = 30 mm). Finally, a Beam Splitter (BS) is used to transmit visible
light from the sample through the objective’s back focal plane. The BS prevents reflections of
infrared light from being transmitted to the imaging system. The resulting image is focused with
lens L6 (f6 = 50 mm). A CMOS camera sensor (Edmund Optics, Mod. EO-10012C) is used to
capture the images.

We next analyze the experimental results that demonstrate trapping and manipulation of
microparticles in the focal planes of the KmBLs. Figure 4 displays the stable trapping of two
polystyrene microparticles (diameter ∼ 2 µm) using three different orders of KmBL (Fibonacci
m = 2, Tribonacci m = 3, and Tetranacci m = 4). The first particle is indicated by a red arrow
and the second by a green arrow. As theoretically predicted, the formation of two focal planes by
KmBL allows multiple trapping of microparticles but the three KmBLs have the same focusing
distance and the middle position of the split foci remains at the same spatial position for the three
cases shown in Fig. 4. The functional relation between both foci makes it possible to control the
distance that separates the particles; namely, by increasing the number m, the distance between
the foci decreases. In this regard, the trapping positions are Za = 6.779 mm and Zb = 6.847
mm for Fibonacci, Za = 6.801 mm and Zb = 6.825 mm for Tribonacci and Za = 6.807 mm and
Zb = 6.819 mm for Tetranacci, which provide separations between the particles of 68.7 µm for
Fibonacci, 24.60 µm for Tribonacci, and 11.7 µm for Tetranacci. As shown in Fig. 4(ac), the
microparticles are trapped with the greatest separation for m = 2, a distance that decreases for
m = 3 and m = 4. It is important to mention that the high numerical aperture lens performs
a rescaling of the focal points, that is, the power of the objective (PO = 555 D or ∼ 150 D in
distilled water) modifies the axial distances of the foci. The oblique incidence of the beam
provides a shift of the axial points in the transversal plane, so it facilitates the observation of both
particles in different planes.

Fig. 4. Particle trapping through Kinoform m-Bonacci Lens (KmBL) based on optical
tweezers. (a) Fibonacci (m = 2, S = 12) (see Visualization 1), (b) Tribonacci (m = 3, S = 10)
(see Visualization 2), and (c) Tetranacci (m = 4, S = 9) (see Visualization 3).

The distance between the particles is considerably smaller for Tribonacci KmBL, Fig. 4(b),
relative to Fibonacci KmBL, Fig. 4(a). The Tetranacci KmBL case presents the smallest distance
between the particles for the three KmBLs, see Fig. 4(c); in fact, the focal planes are so close
that the particle in the foreground almost hides the view of the other particle behind.To ascertain
these descriptions, Visualization 1, Visualization 2, and Visualization 3 show the trapping and
multiple manipulations of the particles in greater detail.
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5. Conclusions

We have designed and implemented a kinoform m-Bonacci lens-based optical tweezers system,
with which to trap multiple particles along the optical axis. These lenses generate two main
foci, which focal distance ratio is related to the order parameter. The trapping ability of the
Fibonacci (m = 2), Tribonacci (m = 3), and Tetranacci (m = 4) lenses exhibit stable confinement
of two particles and the possibility to control the distance between them. In contrast to the
diffractive design used in Ref. [35], which generates a binary fractal profile with a set of traps in
different axial positions and intensities, the m-Bonacci kinoform lens produces a pair of foci with
equivalent intensities whose positions are determined by the m-golden ratio. This confers similar
stability to the trapped particles and affords the control of the distance between the optical traps
through the order m.

Kinoform m-Bonacci lenses open an alternative way to full, three-dimensional manipulation
by optical arrangements with dynamic control on the trapping positions. In this regard, apart
from continuous motion, stepping motion in the axial direction —where particles switch
between discrete, transversal planes over which manipulation is continuously driven— could
be induced. This is a desired competence in single-molecule experiments because it allows
testing sudden configurational changes in biochemical reactions, within a background of thermal
fluctuations. In addition, the fact that the axial direction is strictly more defined than the
transversal ones in an optical setup affords higher precision in positioning nanoparticles along a
line at controlled distances, useful to explore their mutual interactions under laser irradiation.
Finally, we believe that the extension of our axially-generated multiplexed trapping to several
beams —enabling three-dimensional optical lattices— will find applications as architectures for
quantum computation.
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