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The scattering properties of particles in a one-dimensional Fibonacci sequence based
potential have been analyzed by means of the Transfer Matrix Method. The electronic
band gaps are examined comparatively with those obtained using the corresponding
periodic potentials. The reﬂection coeﬃcient shows self-similar properties for the
Fibonacci superlattices. Moreover, by using the generalized Bragg’s condition, the band
gaps positions are derived from the golden mean involved in the design of the superlattice
structure.
Keywords: Superlattices; Fibonacci; quantum potential.

1. Introduction
The latest advances in nanotechnology have made possible the construction of very
thin layers of material, as thin as monoatomic. This fact opens the possibility for
the construction of the “so called” quantum superlattices, which are microelectronic
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devices composed of alternating layers of two semiconductors with diﬀerent band
gaps deposited over a substrate.1–4 If the band gaps of the combined materials
are diﬀerent, the result is a rectangular potential well for the electrons (holes) in
the conduction (valence) band. The thickness of each semiconductor layer is about
10–100 atoms (1–10 nm). This can be done by using techniques such as: molecular
beam epitaxy or metalorganic chemical vapor deposition.1,2
Taking advantage of the possibility of alternating very thin layers, experimentalists have gone beyond periodic structures, such as those with fractal distribution
of the diﬀerent layers, which means fractal distribution of band gaps. An example of
such a device is that formed by layers of gallium arsenide (GaAs) placed in between
layers of aluminium gallium arsenide (Alx Ga1−x -As), where the alloy composition
x may vary between 0 and 0.4, such as those fabricated by Axel and Terauchi5
using x = 0.3 and a thickness of 0.28 nm for monolayers of Alx Ga1−x -As. Another
typical device has been fabricated with amorphous materials by alternating layers
of amorphous germanium (a-Ge) and amorphous silicon (a-Si) deposited in a silicon
substrate, as the fractal superlattices experimentally grown by Järrendahl et al.6
in which each layer is thinner than 1.4 nm.
In order to be able to develop new designs of microelectronic devices for practical applications, theoretical and numerical physical modeling becomes an essential
alternative.6 In this context, quantum eﬀects play a major role in determining the
physical properties of these nanostructures. In the absence of an external electric
ﬁeld, semiconductor superlattices may be considered, in a ﬁrst approximation, as
quasi-one-dimensional systems of rectangular quantum wells separated by potential
barriers (in the conduction band). When an external force is applied to the electrons
in a quantum-well heterostructure, they do not respond as free particles due to the
inﬂuence of other atoms. These eﬀects may be taken into account by introducing
an “eﬀective mass” (m∗ ) which relates the particle motion to an external force (or
potential) without worrying about all the atomic forces. Therefore, the scattering
in semiconductor superlattices can be easily solved by means of the transfer matrix
method (TMM) using an eﬀective mass for the electrons.7 The TMM has been extensively applied in diﬀerent research areas (see for example, the recent studies of
the Ising model by using the transfer matrix approach).8,9 Within this context, in
Refs. 11–13 authors have studied the scattering properties of fractal superlattices
based on the Cantor set, by means of the numerical implementation of the TMM.
In line with our previous works, we consider in this paper, the study of another simple and interesting case, which is the scattering properties of particles by
a quasi-periodic potential in the form of the Fibonacci sequence and the comparison with the corresponding periodic potential. The Fibonacci sequence is a highly
motivating topic in science and technology. For instance, there are some situations
in nature where this sequence can be seen.14 In technology, a recent example of signiﬁcant impact is the fabrication of quantum cascade lasers based on the Fibonacci
sequence.15
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The outline of this paper is the following. In Sec. 2, we formally present the
problem, the features of the Fibonacci-based potential and the methodology followed by the solution of the problem. In Sec. 3, results and discussions are shown.
We place special emphasis on the discussion of the self-similarity properties shown
by the electronic band gaps, in comparison with the case of the equivalent periodic
potential. Finally, in Sec. 4, some conclusions are drawn.
2. Presentation of the Problem
2.1. Transfer matrix method
The scattering of particles in one-dimensional potentials is driven by the timeindependent Schrödinger equation:16
2 ∂ 2 ψ(x)
+ V (x)ψ(x) = Eψ(x) ,
(1)
2m ∂x2
where ψ(x), m and E are the particle wave function, eﬀective mass and energy,
respectively;  is the Planck’s constant and V (x) is the quasi-periodic potential
which can be represented by a piecewise constant function.
In Ref. 11, authors give details for the derivation of the reﬂection and transmission coeﬃcients using general piecewise potentials. In order to help on the reading
of this paper, we brieﬂy recall here the most important aspects in this respect.
Let us consider the quantum scattering at the ith interface between two successive constant values of the piecewise potential, whose position, without loss of
generality, has been taken as x = 0. Let ψi+ and ψi− be the forward and backward
plane wave functions on the region where the potential value is Vi , so ψi = ψi+ + ψi−
there and
1
±iki x
ψi± = A±
,
ki =
2m(E − Vi ) ,
(2)
i e

√
where i = −1, ki is the local particle momentum and A±
i are integration constants
to be determined by applying the standard boundary conditions at the interface,
the continuity of both the wave function and its derivative, i.e.,
−

−
+
−
A+
i−1 + Ai−1 = Ai + Ai ,

ψi−1 (x = 0) = ψi (x = 0) ,

ψi−1
(x = 0) = ψi (x = 0) ,

−
+
−
ki−1 A+
i−1 − ki−1 Ai−1 = ki Ai − ki Ai ,

(3)

where the prime denotes diﬀerentiation. Equation (3) is a linear system of equations
easily written in matrix notation as:


 


1
1
A+
1
1
A+
i−1
i
=
,
(4)
ki−1 −ki−1
ki −ki
A−
A−
i−1
i
and yielding



A+
i−1

A−
i−1




=

−1
Di
Di−1

A+
i

A−
i




,
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−1
Hereon, the matrix Di−1
Di is referred to as the wave scattering matrix.
After crossing the ith interface, the plane wave function propagates through the
constant potential Vi until ﬁnding the next interface at a distance di . Let us write
this wave function as
±iki di ±iki x
±iki x
ψ̃i± = A±
e
= Ã±
,
i e
i e

(6)

and a wave propagation matrix Pi can be deﬁned as
 +  




Ãi−1
eiki di
A+
A+
0
i
i
=
= Pi
.
0
e−iki di
A−
A−
Ã−
i
i
i−1

(7)

Both the scattering and propagation matrices can be used to solve the general
problem of the scattering with a piecewise constant potential of N potential wells.
The successive application of the scattering and propagation matrices yields,






A+
A+
A+
0
1
2
−1
−1
−1
= D0 D1
= D0 D1 P1 D1 D2
,
(8)
A−
A−
A−
0
1
2
and the most general form,




A+
A+
0
N +1
=M
,
A−
A−
0
N +1

M = D0−1

N



Di Pi Di−1

DN +1 .

(9)

i=1

Both the reﬂection and transmission coeﬃcients of the scattering of a quantum
particle, incoming from the left, with the N -well potential are determined by the
coeﬃcients of the matrix M ,
 



M11 M12
A+
A+
0
N +1
=
,
(10)
A−
M21 M22
0
0
where no backward particle can be found on the right side of the potential, so
A+
N −1 = 0 and N identiﬁes the N th well. In this respect, the reﬂection and transmission coeﬃcients are expressed as,
R=

2
|M21 |2
|A−
0|
.
+ 2 =
|M11 |2
|A0 |

(11)

2.2. Fibonacci sequence based potentials
Let us now consider a system whose well distribution follows a Fibonacci sequence.
The Fibonacci numbers, Fi with i = 0, 1, 2, . . . , are characterized by the relation
Fi+1 = Fi + Fi−1 , with F0 = 0 and F1 = 1, so F = {0, 1, 1, 2, 3, 5, 8, 13, 21, . . .}.
In a similar way, we have considered the Fibonacci sequence based on a recursive
relation, Di+1 = {Di , Di−1 } for i ≥ 1, with D0 = {B}, D1 = {A}, D2 = {AB},
D3 = {ABA}, D4 = {ABAAB}, D5 = {ABAABABA} and so on. It can be
noticed that the sequence at the stage S, DS , will have FS+1 elements distributed
in FS times “A” and FS−1 times “B” so that FS+1 = FS + FS−1 . This sequence
1450053-4
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Fig. 1. Diagrams of the well distributions of the potential for (a) a Fibonacci sequence for several
values of S and (b) its associated periodic distribution. In this representation, open and ﬁlled
segments correspond to the values −V and 0, respectively, of the well distribution.

has been previously employed in the design of diﬀractive lenses,17 between other
applications. In our case, A and B deﬁne the well distribution of the potential whose
values are −V and 0, respectively.
Hence, the number of wells A (of depth −V ) for the order S, will be FS , separated by FS−1 gaps. The width of the well has been called “a”. The distance
between wells (ﬁlled segments) is also “a” in our simulations. This fact makes the
calculation easier for the model still general. In Fig. 1, the diagrams of the well distributions for the Fibonacci sequence (panel a) and its associated periodic potential
(panel b) have been shown. A and B are represented by open and ﬁlled segments,
respectively.
In Fig. 1, x(S,i) with i = 1, 2, . . . , FS represents the left position of the Fibonacci
sequence of the ith well. Mathematically, this parameter can be obtained as x(S,i) =
(τ i − 1)a, where the symbol   represents the ﬂoor function, which denotes the
largest integer less than or equal to the argument. The parameter τ is called the
golden mean or magic number and it is obtained as:
√
1+ 5
FS
≈ 1.618 ,
(12)
=
τ = lim
S→∞ FS−1
2
which is the ratio between the number of quantum wells (FS ) and the number
of gaps (FS−1 ) for large generating orders (S). In a similar way, we consider the
associated periodic distribution with period 2a. The Fibonacci case can be understood as a conventional periodic distribution where the position of some wells of
the potential has been interchanged.
Using the TMM, the reﬂection coeﬃcient, R, for several values of S as a function
of the particle energy (horizontal axis) and the depth of the wells (vertical axis),
has been determined. According to Eq. (11), the reﬂection coeﬃcient, R, can be
obtained from the coeﬃcients of the transfer matrix, M . The matrix, M , has 2 × 2
terms obtained iteratively using Eq. (9) which involves the wave scattering matrices,
D [Eq. (8)] in the wave propagation matrices [Eq. (7)]. For example, in the simple
case of S = 3, two wells separated by a gap are present. To model this situation,
four scattering matrices, D (one for each interface) and three propagation matrices,
1450053-5
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P (two potential wells and a gap between them) are needed. In order to reduce the
diﬃculty of the calculations, non-dimensional normalized variables are preferably
used. The energy E and the potential V have been normalized by the length of the
segment a according to:
√
√
2mE
2mV
a,
φV =
a.
(13)
φ=


By using this normalization, the phase shifts of the wave functions involved in
the
propagation matrices
[Eq. (7)] are reduced to φ for the regions of the gaps and

to φ2 + φ2V = 1 2m(E + V )a for the regions of the quantum wells.
3. Results and Discussions
In Fig. 2(a), the plot of the normalized energy (φ) versus the order S is shown for the
case of the equivalent periodic structure. The period of the structure of order S can
be represented by FS+1 /2. For example, for S = 12, we have F13 /2 = 233/2 = 116.5
periods. It can be noticed that the band gap gets more deﬁned as S increases.
Although higher orders of the Fibonacci sequence have been simulated, we only
show the reﬂection spectra up to S = 12 in Fig. 2 for simplicity. It can be noticed
in Fig. 2 that a gray-code bar represents the exact value of the reﬂection coeﬃcient,
R, diﬀerent from works published previously, which only show the regions of the
bands with a binary code.18

(a) Periodic

(b) Fibonacci
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Generating Order: S
Fig. 2. Values of the normalized energy (φ) versus the order S. In panel (a) the case for the
periodic structure is shown and in panel (b) the Fibonacci sequence based structure. The graycode bar represents the reﬂection coeﬃcient, R, of these structures, being R = 1 in the white
regions and R = 0 in the black ones.
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According to the well-known Bragg’s law, the reﬂection coeﬃcient R, is maximum when the phase shift between the incident and reﬂected waves at the diﬀerent
quantum wells is an integer number (n) times 2π. This condition can be expressed
in terms of φ and φV as,

φ2n + φ2V + φn = nπ .
(14)
For n = 1 and φV = 0.8 in our calculations, we obtain, φ1 = 1.469. This value
corresponds to the position of the dashed line in Fig. 2(a).
The case of the Fibonacci structure is shown in Fig. 2(b). As observed for the
periodic case, the bands get more deﬁned as S increases. Besides, multiple secondary bands with a fractal response appear as a consequence of the self-similar
distribution of the Fibonacci sequence. These highly fragmented band structures
can ﬁnd applications in the ﬁeld of photovoltaics or as eﬃcient electronic ﬁlters (see
Refs. 19, 20 and those cited within, for more details about superlattices applications). The values of energy of the centre of the band gaps of the main bands can
be derived from the generalized Bragg’s condition:

(15)
τ φ2p,q + φ2V + φp,q = π(p + qτ ) ,
where p and q are integer numbers.
It can be noticed that Eq. (15) becomes Eq. (14), for τ = 1. This is because τ
represents the ratio between the number of wells and gaps, which are equal for the
periodic case. In the Fibonacci superlattice, for p = 1 and q = 0 [lower dashed line
in Fig. 2(b)], we get φ1,0 = 1.031 and for p = 0 and q = 1 [upper dashed line in
Fig. 2(b)], we get φ0,1 = 1.839. It can be observed that the calculated values are in
good agreement with the positions of the band gap centers in the ﬁgure. Analogous
results have been obtained in Ref. 21 for optical Fibonacci multilayers.
In order to show the self-similar behavior of the reﬂection coeﬃcient obtained
with the Fibonacci superlattice, in Fig. 3 the results for S = 7, 8, and 9 are shown.
It can be noticed that a wide peak at the stage S is replaced by two narrower and
higher peaks at the stage S + 1. Therefore, the reﬂection coeﬃcient at each higher
state is a modulated version of that associated to the previous one.
In the following, we will analyze the behavior of the obtained band gaps as a
function of the depth of the wells. In Fig. 4(a), the plot of the normalized energy (φ)
versus the normalized potential (φV ) is shown for the case of the periodic structure.
The calculations have been done for S = 10. In order to evaluate the eﬀect of the
well depth, the Bragg’s condition [Eq. (14)] is used. For weak particle–structure
interactions, the well depth tends to zero (V → 0), that is, φV → 0 then, the band
widths decrease and the positions of the normalized energy Bragg’s peaks tend to
φn = nπ/2. For n = 1, the value of φ1 = π/2 can be noticed on the y-axis of the
plot. On the contrary, as the well depth (V ) increases (strong interactions), that is,
φV increases; the values of φ1 decrease. This fact is derived from Eq. (14) and can
be observed in Fig. 4. In the case of the band gap width, it decreases as the values
of φV decrease.
1450053-7
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Fig. 3. (Color online) Reﬂection coeﬃcient (R) versus the normalized energy (φ) for the
Fibonacci structure. Results for S = 7, 8 and 9 are shown. These results have also been included
in Fig. 2(b) as gray-code bars.

Fig. 4. (Color online) Values of the normalized energy (φ) versus the normalized potential (φV ).
In panel (a), the case for the periodic structure is shown and in panel (b), the Fibonacci sequence
based structure is shown. The ﬁgure illustrates the results for the order S = 10. The dashed red
line indicates the Bragg’s condition.

In Fig. 4(b), the case of the Fibonacci sequence structure is represented. By using
the generalized Bragg’s condition of Eq. (15), the band gaps can be characterized.
For φV  φ (weak interactions) and p = 1, q = 0, from Eq. (15), we get φ1,0 =
π/τ 2 = 0.4197 and for p = 0 and q = 1, we get φ0,1 = π/τ = 1.1482. A further
relationship between the band gap center positions can be derived from the golden
mean, that is, φ1,0 /φ0,1 = τ , which is related to the mathematical properties of the
Fibonacci sequence considered in the design of the superlattice structure.
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4. Conclusions
In this paper, the TMM has been used to obtain the reﬂection coeﬃcient spectrum
in aperiodic quantum superlattices based on a one-dimensional Fibonacci sequence
like potential. Results have been explained comparatively to the case, when an
equivalent ﬁnite periodic potential is used. Fibonacci superlattices also yield electronic band gaps which exhibit a self-similar behavior. The positions of the band
peaks have been found to be related to the golden mean. This work also suggests
the use of the matrix transfer method to treat other interesting proposals of onedimensional aperiodic sequences such as Thue Morse, Period-doubling and Silver
mean.
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