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We present multifractal zone plates (MFZPs) as what is to our knowledge a new family of diffractive lenses
whose structure is based on the combination of fractal zone plates (FZPs) of different orders. The typical result
is a composite of two FZPs with the central one having a first-order focal length f surrounded by outer zones
with a third-order focal length f. The focusing properties of different members of this family are examined and
compared with conventional composite Fresnel zone plates. It is shown that MFZPs improve the axial reso-
lution and also give better performance under polychromatic illumination. © 2010 Optical Society of America

OCIS codes: 050.1940, 050.1970.

1. INTRODUCTION

Diffractive optical elements are most beneficial in many
applications where they can perform tasks that are diffi-
cult, or even impossible, with conventional refractive op-
tics because most solids are strongly absorbing in some
spectral regions. Particularly, diffractive lenses, like
Fresnel zone plates [1], can be used for focusing and im-
aging in terahertz tomography [2], soft x-ray microscopy
[3,4], astronomy [5,6], and lithography [7].

As is well known, the conventional Fresnel zone plate
consists of alternating transparent and opaque circular
rings with the same area, so the transmittance of the lens
is periodic along the square of the radial coordinate. The
spatial resolution that can be achieved with these devices
is of the order of the width of the outermost zone and is
therefore limited by the smallest structure that can be
fabricated by lithography [8,9]. In order to increase the
resolution of these lenses several modified Fresnel zone
plates have been proposed [10,11]. In particular, compos-
ite zone plates (CZPs) formed by a central zone plate with
a first-order focal length f, surrounded by extra zones
whose third-order focal length is also f, give an improved
resolution and also increase the focused energy.

Photon sieves [4,5] are another kind of diffractive opti-
cal element, developed for focusing and imaging soft x
rays with high resolution capabilities. A photon sieve is
essentially a Fresnel zone plate where the clear zones are
replaced with a great number of non-overlapping holes of
different sizes. This configuration improves the diffrac-
tion efficiency of the lens and produces a sharp focal spot.
However, it has been proved that the modified Fresnel
zone plate can produce focal spots still better than those
generated by photon sieves [11].

On the other hand, aside from conventional Fresnel
zone plates, other geometries for two-dimensional
photonic-image-forming structures have been proposed.
To this category belong the fractal zone plates (FZPs) [12].
A FZP is characterized by its fractal profile along the
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square of the radial coordinate. When illuminated by a
parallel wavefront a FZP produces multiple foci, the main
lobe of which coincides with those of the associated con-
ventional zone plate (actually, under certain circum-
stances, a FZP can be thought as a conventional zone
plate with certain missing zones), but the internal struc-
ture of each focus exhibits a characteristic fractal struc-
ture, reproducing the self-similarity of the originating
FZP. FZPs have been successfully tested experimentally
by different research groups working in diffractive optics
[13—-18] and they also inspired the invention of fractal op-
tical devices for different applications [19-23].

In this paper we present multifractal zone plates
(MFZPs) as a new family of diffractive lenses whose struc-
ture is basically a composite of two different FZPs. The fo-
cusing properties of different members of this family and
their self-similar behavior are examined. The axial reso-
lution of a MFZP is compared with the one corresponding
to a FZP of the same focal length. Additionally, since most
of applications of diffractive lenses are related with
broadband illumination sources, the intensity distribu-
tions near the focus are evaluated by means of polychro-
matic merit functions and compared with those obtained
with conventional CZPs.

2. MFZP DESIGN

Let us start revisiting the original proposal for the FZP
[12]. It was based on the triadic Cantor set shown in the
upper part of Fig. 1(a). The first step in the construction
procedure consists of defining a straight-line segment of
unit length called initiator (stage S=0). Next, at stage S
=1, the generator of the set is constructed by dividing the
segment into three equal parts of length 1/3 and removing
the central one. Following this procedure in subsequent
stages S=2,3,... it is easy to see that, in general, at stage
S there are 25 segments (each one of length 375) sepa-
rated by 2571 gaps. In Fig. 1(a), only the four first stages
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Fig. 1. (a) Triadic fractal Cantor set for the levels S=0, 1, 2, 3,
and 4. The structures for S=0 and S=1 are the initiator and gen-
erator, respectively. Note that the fractal set at stage S can be
considered as a composite of two equivalent fractals at the pre-
vious stage S—1. (b) Multifractals as a composite of two different
fractals.

are shown for clarity. Note that the Cantor set at a given
stage S is constructed by two copies of the previous one,
S—1, scaled to 1/3, and located at the extremes of it. For
example, the Cantor set S=4 presents two scaled copies of
the set S=3. According to this idea we can now define a
Cantor multifractal of “multiorder” M={S{,S,} to the
composite of two different fractals of orders S; and S,
scaled to 1/3 and located at the first and third parts of the
structure, respectively. In this way, the conventional frac-
tal S=4 can be considered as a fractal composite M
={3,3}. Figure 1(b) shows two examples of multifractals
of multiorders M={2,1} and M={3,2}.

Assuming that Cantor multifractals can be mathemati-
cally represented by a one-dimensional binary function
q(s) defined in the interval [0,1], MFZPs can be generated
by performing a change of coordinates s=(r/a)? and by ro-
tating the transformed one-dimensional function around
one of its extremes. The result is a zone plate having a ra-
dial coordinate r and an outermost ring of radius a. Fig-
ure 2(a) shows an example of a MFZP with M ={3,2} and
Fig. 2(b) shows a equivalent CZP with the same focal
length and resolution. Note that a MFZP can be consid-
ered as a CZP but with some missing clear zones.

As we mentioned before, the resolution of zone plates is
limited by the smaller zone width of the lens, which is
limited by the manufacturing process. In order to increase
the resolution of the lens, we will consider MFZPs, M
={S{,Sy}, with Sy=S;-1. Under this consideration, a
MFZP is constructed with a central FZP with a principal
focal length f=a2/\35%1 surrounded by a FZP whose third-
order focal length is given by the same expression. With
this configuration, the smaller zone of the outer FZP is
73.2% bigger than the smaller one of the central FZP.

3. AXTAL IRRADIANCE PROVIDED BY
MFZP

Let us consider the irradiance at a given point on the op-
tical axis, provided by a rotationally invariant pupil of ra-
dius a with an amplitude transmittance p(r), illuminated
by a monochromatic plane wave of wavelength \. Within
the Fresnel approximation, which is valid for most of the
applications of interest (including x-ray microscopy [11]),
this magnitude is given as a function of the axial distance
from the pupil plane, z, as
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Fig. 2. (a) MFZP generated at M={3,2} and (b) the equivalent

CZP.
2m\2| ¢ ™
Iz)=| — fp(ro)exp —i—r2|r,dr,
Az 0 Az

If the pupil transmittance is defined in terms of the nor-
malized variable s=(r/a)?, the irradiance can be ex-
pressed as

2

1)

2

1
I(u) = 47%u? f q(s)exp(-i2mus)ds| , (2)

0

where q(s)=p(r,) and u=a?/2\z is the reduced axial coor-
dinate. Thus, the axial irradiance can be expressed in
terms of the Fourier transform of the mapped pupil func-
tion g(s). If the pupil function ¢(s) holds a fractal struc-
ture, from well-known properties of fractals, it is direct to
conclude that such a system will provide an irradiance
along the optical axis also with a self-similar profile.
Using Eq. (2), we have first computed the axial irradi-
ances produced by the two zone plates that are necessary
to construct a MFZP of multiorder M ={3,2}. Figure 3(a)
shows the axial irradiance produced by the central FZP of
order S=3 around the main focus located at a normalized
distance u=35/2. Note that this central FZP can be also
considered as a MFZP M ={3,0}, where “0” indicates that
the outer FZP has been removed. The axial response for
this central FZP exhibits a single major focus and a num-
ber of subsidiary focal points surrounding it, producing a
focus region with a characteristic fractal profile [12]. Fig-
ure 3(b) shows the irradiance produced by the outer FZP
of order S=2. In this case there are three foci in the same
axial range; these correspond to the first, third, and fifth
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Fig. 3. Axial irradiances provided by different MFZPs shown in
the inset. Note that in (c) {3,2} is the composite of {0,2} and {3,0}.

diffraction orders of the lens. However, compared with the
previous case, the intensity at each focus has been re-
duced by 75%.

The axial irradiance for a MFZP of multiorder M
={3,2} is shown in Fig. 3(c) and obviously is the result of
the interference between the fields diffracted by the cen-
tral FZP of order S=3 and the outer FZP of order S=2.
Note that the composite of the two FZPs increases the fo-
cused energy and produces a tighter main focus, improv-
ing the axial resolution of the lens. This main focus of a
MZFP is located at a normalized distance given by u,
=3max(51,89)/9 je. uy=351/2 for Sy=8;-1.

Interestingly, MFZPs preserve the self-similarity prop-
erty of the axial irradiance attributed to FZPs. To support
this assertion, we have computed in Fig. 4 the axial irra-
diance produced by MFZPs of orders M={4,3} and M
={3,2} around their main foci. It can be seen that the
axial intensity distribution corresponding to MFZPs of
low level forms the envelope of the curves of the upper
ones. We have found that the same behavior is also ob-
served in general for MFZPs, M={S{,S,}, with S;<S;
—1. In these cases the main focus of the central FZP is co-
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Fig. 4. Self-similar behavior of the axial irradiances provided by
two MFZPs around the corresponding main focus.

incident with the N-order focus of the outer FZP, provided
that S9=8;-(N-1)/2, where N is an odd integer number.

On the other hand, when polychromatic light is em-
ployed, the multiple subsidiary foci around the main focus
of a MFZP overlap for different wavelengths creating an
overall extended depth of focus, which should be less sen-
sitive to the chromatic aberration than the equivalent
CZP. Next, we analyze this hypothesis.

The behavior of a MFZP under broadband illumination
is evaluated here following the conventional approach, in
terms of the tristimuli values [24], computed along the op-
tical axis,

ISt
X=f I(r=0,z;N\)S(\)xd\,

M
Y=J I(r=0,z;\)S(\)ydA\,

Ao

IS
Z=f I(r=0,z;\)S(\)zdA\, (3)

Ag

where S(\) is the spectral distribution of the source,
(%,5,2) are the three sensitivity chromatic functions of the
detector, and (\1,\y) represent the considered wavelength
interval. In particular, in the assessment of visual sys-
tems (X,y,Z) are usually the sensitivity functions of the
human eye (CIE 1931) and the axial response is normally
expressed in terms of the axial illuminance Y and the
axial chromaticity coordinates Xx,y,

X Y

=y 4
“xiv+z VTX+vez “

To evaluate the performance of a MFZP under polychro-
matic illumination we have computed Eqgs. (3) and (4) for
the zone plates shown in Fig. 2. We numerically computed
41 monochromatic irradiances for equally spaced wave-
lengths ranging from 380 to 780 nm. The standard illumi-
nant C was used as a spectral distribution of the source.
The result is shown in Fig. 5. Clearly, the axial illumi-
nance for the MFZP has an increased depth of focus as
compared with the conventional CZP [Fig. 5(a)]. The de-
gree of achromatization is evident in the display of the
chromaticity [Fig. 5(b)]. In this figure we have computed
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Fig. 5. (Color online) (a) Polychromatic axial illuminance com-
puted for the zone plates in Fig. 2. The chromaticity of both
curves is shown in (b); the continuous line corresponds to the
MFZP and the dashed line corresponds to the CZP.

the chromaticity for the axial points around the main fo-
cus: 0.9<z/f<1.1. The triangles and squares represent
z/f=0.9 and z/f=1.1, respectively, while the circles repre-
sent z=f for the design wavelength. It can be observed
that the MFZP exhibits a “slow” axial chromaticity varia-
tion than the CZP and also that almost the whole curve
for this lens is closer to the point representing the white
illuminant.

4. CONCLUSIONS

Multifractal zone plates (MFZPs) based on Cantor multi-
fractal sets have been proposed. The focusing properties
of MFZPs have been numerically evaluated and the self-
similarity of the axial irradiances is verified. As these
lenses can be considered as composites of two FZPs, they
combine the advantages of fractal and composite diffrac-
tive lenses. It has been shown that the composite of a cen-
tral FZP of focal length f with an outer FZP with the same
third-order focal length gives an increased axial reso-
lution and also an increase in the focused energy with re-
spect to a single FZP. Additionally, MFZPs produce a se-
ries of fractal multiple foci that are useful when dealing
with broadband sources. In fact, it has been also shown
that in these situations, MFZPs provide an increase in
the depth of focus and a reduction in the chromaticity dis-

Giménez et al.

tribution in comparison with the equivalent CZP. More-
over, the transverse resolution of both kinds of zone plates
is nearly the same as occurs for non-composite FZPs
[17,22]. The potential applications of MFZPs are numer-
ous in the entire electromagnetic spectrum, mainly for ap-
plications in which the illumination sources are wideband
and require a high depth of field, as in the case of x-ray
microscopy.
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