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Polyadic devil’s lenses
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Devil’s lenses (DLs) were recently proposed as a new kind of kinoform lens in which the phase structure is
characterized by the “devil’s staircase” function. DLs are considered fractal lenses because they are constructed
following the geometry of the triadic Cantor set and because they provide self-similar foci along the optical
axis. Here, DLs are generalized allowing the inclusion of polyadic Cantor distributions in their design. The
lacunarity of the selected polyadic fractal distribution is an additional design parameter. The results are coined
polyadic DLs. Construction requirements and interrelations among the different parameters of these new frac-
tal lenses are also presented. It is shown that the lacunarity parameter affects drastically the irradiance profile
along the optical axis, appodizing higher-order foci, and these features are proved to improve the behavior of
conventional DLs under polychromatic illumination. © 2009 Optical Society of America
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. INTRODUCTION
ractals are geometric objects having certain special
roperties of homogeneity and self-similarity that may
escribe naturally occurring fragmented and irregular
tructures [1]. Fractal geometry is exceptionally fruitful.
t has been identified in many diverse scientific areas
uch as biology, medicine, electric circuits, geomorphology,
racture theory, and even stock markets. From a math-
matical point of view, fractals are obtained by perform-
ng a basic operation, called generator, on a given geo-

etrical object, called initiator. Thus, the generator is a
ollection of scaled N-copies of the initiator. By applying
uccessively the same process over smaller and smaller
cales on the resultant objects, an object composed of sub-
nits of itself is created. Mathematically, the above prop-
rty should hold on all (infinite) scales. However, in the
eal world, there are necessarily lower and upper bounds
etween which such self-similar behavior applies.
The simplest fractal is the triadic Cantor set [1]. It is a

-D object where the scale of the copies in the generator is
/3. The generalization of this elementary structure is
he polyadic Cantor set with variable lacunarity. These
tructures have recently found applications in the design
f fractal engineering devices, such as dielectric multilay-
rs [2], Cantor ring difractals [3], or semiconductor mul-
ilayers [4]. In the above applications the lacunarity was
ntroduced as a new free design.

Fractal zone plates (FZPs) where introduced in 2003 as
urious diffractive elements with many potential applica-
ions. The main characteristic of a FZP is its fractal struc-
ure along the squared radial coordinate. It has been
hown that FZPs have multiple foci, replicating the lens
ractality along the optical axis [5]. The number of foci
nd their relative amplitude can be modified with the la-
unarity in the design stage [6]. Since their introduction,
1084-7529/09/122532-6/$15.00 © 2
ZPs have received the attention of several research
roups working on diffractive optics [7,8]. It has been
hown that in certain applications FZPs can improve the
erformance of classical Fresnel zone plates. For in-
tance, we can profit from FZPs in image-forming systems
9], versatile optical tweezers [10], design of novel optical
lters [11], and optical cryptography [12].
Recently introduced, devil’s lenses (DLs) are new mem-

ers of the FZP family [13]. These are kinoform lenses in
hich the phase distribution is characterized by the “dev-

l’s staircase” generated with the triadic Cantor set. It has
een shown that DLs drive most of the incoming light into
ne single focus, improving in this way the efficiency of
ZPs. An experimental characterization of a multilevel
hase version of a DL has also been reported [14].
In this paper, we propose a generalization of the con-

ept of DLs by the inclusion of polyadic Cantor distribu-
ions in their design. The result is thus a polyadic DL
PDL). The lacunarity of the selected polyadic fractal dis-
ribution is an additional design parameter. Other practi-
al considerations related to the design of these lenses are
resented. The axial irradiance originated by PDLs based
n regular polyadic fractals are numerically evaluated
nd compared with the response of equivalent kinoform
enses. The effect of lacunarity on the axial irradiance of a
DL is investigated. We show how to use this parameter

o improve the response of conventional DLs under poly-
hromatic illumination.

. BASIC THEORY
et us consider the irradiance at a given point on the op-

ical axis due to a rotationally invariant pupil with a
ransmittance p�r� illuminated by a monochromatic plane
009 Optical Society of America
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ave. Within the Fresnel approximation, the above irra-
iance is given as a function of the axial distance from the
upil plane z as

I�z� = �2�

�z �
2��

0

a

p�ro�exp�− i
�

�z
ro

2�rodro�2

. �1�

In Eq. (1), a is the maximum extent of the pupil func-
ion p�r�, and � is the wavelength of light. For our pur-
oses it is convenient to express the transmittance of the
upil as function of a new variable, that is

� = � ro

a �
2

, �2�

n such a way that q���=p�r0�. By using the reduced axial
oordinate u=a2 /2�z, the irradiance along the optical axis
an now be given in terms of the Fourier transform of q���
y the expression

I�u� = 4�2u2��
0

1

q���exp�− i2�u��d��2

. �3�

or DLs, q��� is a self-similar function constructed from
he fractal Cantor set whose generation procedure is
hown in Fig. 1. In the first stage �S=1�, the initial seg-
ent is divided into an odd number of segments 2N−1,

nd then segments in the even positions are removed. For
he remaining N segments at the first stage, the above
slicing and removing” process is repeated in the second
tage, and so on. In the original proposal of a DL [11] the
riadic Cantor set was studied �2N−1=3�. Here, we pro-
ose PDLs that are more general structures, constructed
rom different levels of a polyadic Cantor set. To consider
n example, Fig. 1 shows a heptadic Cantor set with N
4 remaining segments at S=1.
In general, at stage S there are NS segments of length

S with NS−1 disjoint gaps intervals �pS,l ,qS,l�, with l
1, . . . ,NS−1. Based on this fractal structure, the Cantor

unction FS�x�, also known as devil’s staircase [15], can be
efined within the interval [0, 1] as

FS�x� = 	
l

NS , if pS,l � x � qS,l

1

NS

x − qS,l

pS,l+1 − qS,l
+

l

NS , if qS,l � x � pS,l+1

,�

�4�

here FS�0�=0 and FS�1�=1. Therefore, the devil’s stair-
ase FS�x� takes within the gaps intervals of the Cantor
et the constant values l /NS with l=1, . . . ,NS−1; mean-
hile, between these intervals, the continuous function
S�x� is linearly increasing (see Fig. 2). The corresponding

ig. 1. Polyadic Cantor set �N=4� for the levels S=0, 1, 2. The
tructure for S=0 if the initiator and the one corresponding to
=1 is the generator.
DL can be defined from FS�x� as a circularly symmetric
iffractive optical element with a phase profile that fol-
ows the polyadic Cantor function at a given stage S. At
he gap regions defined by the Cantor set the phase shift
s −l2�, with l=1, . . . ,NS−1. Thus, the transmittance of
he PDL is defined by

q��� = qDL��,S� = exp�− iNs2�FS����. �5�

he surface-relief profile h�r� corresponding to the above
hase function can be obtained from the relation [16]

hDL�r� = mod2�
− Ns2�FS� r2

a2�� �

2��n − 1�
, �6�

here mod2� ���r�� is the phase function ��r� modulo 2�,
is the refractive index of the optical material used to

onstruct the lens, and � is the wavelength of the light.
Figure 3 shows the profile of a PDL generated from a

eptadic Cantor set �N=4�, up to S=2. Note that because
f the change of variables in Eq. (2), the phase profile
ariation in each zone of the lens is quadratic.

. FOCUSING PROPERTIES OF PDLS
he axial irradiance of the PDL computed for different
tages of growth S and for N=4 is shown in Figs. 4 and 5.
or comparison, the irradiance of the associated Fresnel
inoform lens is shown in the same figures. The irradi-
nce normalization criterion is the same in both figures.
ote that the scale for the axial coordinate in each step is
demagnified version of the one in the previous step (S)

y a factor 2N−1=7. It can be seen that for the PDL the
xial positions of the central lobes coincide with those of
he associated Fresnel lens. For both types of lenses, we

ig. 3. Convergent PDL for N=4, S=2 and the equivalent kino-
orm Fresnel lens.

ig. 2. Polyadic Cantor function or Polyadic devil’s staircase for
=4, S=2.
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nd a main focus at the normalized distance u0= �2N
1�S corresponding to a focal length

f�N,S� =
a2

2��2N − 1�S . �7�

Note that a PDL exhibits subsidiary foci with a charac-
eristic fractal profile; i.e, the axial irradiance produced
y a lens constructed with S=2 is a modulated version of
hat corresponding to S=1. In fact, any wide focus at

ig. 4. Normalized irradiance vs. the axial coordinate u ob-
ained (a) for a regular PDL (N=4, S=1) and (b) for its associated
resnel kinoform lens.

ig. 5. Normalized irradiance vs. the axial coordinate u ob-
ained (a) for a regular PDL (N=4, S=2) and (b) for its associated
resnel kinoform lens.
tage S=1 is transformed into three narrower foci at
tage S=2 that are scale-invariant over dilations of factor
N−1=7. This axial scale property holds for any N and
as been found previously for the amplitude FZP [5]. It
eans that, for a PDL, the axial irradiance also repro-

uces the self-similarity of the lens itself. To investigate
his property quantitatively, we use the following correla-
ion coefficient between the axial irradiance Eq. (3) and
he same function but with a variable scale factor � [17]:

C��� =

�
−�

�

I�u� · I�u0 +
u − u0

�
�du

��
−�

�

I2�u�du�
−�

�

I2�u0 +
u − u0

�
�du

. �8�

his function was computed for the irradiance of a PDL
ith N=4 and S=2. The result is shown in Fig. 6. It can
e seen that when the axial irradiance satisfies the strict
xial self-similar property I�u�=I�u0+ �u−u0� /��, the cor-
elation coefficient (or simply, the self-similarity) is C���
1. Lower degrees of self-similarity give values of C���

ower than unity. Thus, some local maxima of the curve
re expected to appear at �= �2N−1�i, i=1,2, . . .S. A local
axima at �=7 is evident in this figure. The local
axima corresponding to �=49 (not shown in Fig. 6) is
uch lower than the previous one.

. PDLS WITH VARIABLE LACUNARITY
n the previous section, PDLs were constructed from
egular fractal structures in the sense that clear and dark
egions have the same size; see Fig. 1. When the lacunar-
ty parameter is taken into account, a more general PDL
an be defined. The construction of a typical polyadic Can-
or fractal set with a specific lacunarity is shown in Fig. 7.
irst step in the construction procedure consists of defin-

ng the initiator at stage S=0. Next, at stage S=1, the
enerator is constructed by N non-overlapping copies of

ig. 6. Correlation function C��� for the axial irradiance shown
n Fig. 5(a).

Fig. 7. Polyadic Cantor set with variable lacunarity �N=4�.
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he initiator, each one with a scale ��1. To characterize
he resulting Cantor set, one of the most frequently used
escriptors is the fractal dimension, defined as

D = −
ln�N�

ln���
. �9�

owever, fractal dimension does not uniquely define the
ractal. For the general case, it is necessary to introduce
nother parameter to specify the distribution of the N
opies into the unit length segment. The additional pa-
ameter specifies the lacunarity of the resulting structure
nd it is essential to carry out a complete characterization
f the fractal. Note that structures with different lacunar-
ty can have the same fractal dimension. Following the
onvention adopted in some previous papers dealing with
antor fractals [2,4,6] we use the width of the outermost
ap in the first stage, 	, to define the lacunarity. Then, for
ven N, half of the copies are placed to the left of the in-
erval and the remaining half to its right. All copies are
eparated by a fixed distance 	. For odd N, one copy lies
xactly centered in the interval, with �N/2� copies placed
o the left of the interval and the remaining �N/2� to its
ight. Here, �N/2� is the greatest integer less than or equal
o �N/2�. In Fig. 7 the parameters N=4, �=1/7, and 	
0.075 have been selected. At the following stages of con-
truction of the set �S=2,3, . . . �, the generation process is
epeated over and over again for each segment in the pre-
ious stage.

Therefore, symmetric polyadic Cantor fractals are char-
cterized by three parameters: the number of self-similar
opies N, the scaling factor �, and the lacunarity 	. The
ast two parameters must satisfy certain constraints to
void overlapping between the copies. On the one hand,
he maximum value of the scaling factor depends on the
alue of N, such that 0��max�1/N. In addition, for each

and �, the parameter 	 can take values only within the
ange �0,	max�. When 	=0, the highest lacunar fractal is
btained. In this case, for even N, the central gap has a
idth of 1−N�, and for odd N, both large gaps surround-

ng the central segment have a width of �1−N�� /2. On the
ther hand, it is easy to show that the values for 	max are
he following:

	max = 	
1 − N�

N − 2
, even N

1 − N�

N − 3
, odd N  . �10�

hus, for 	max the inner segments (two for even N, or
hree for odd N) join together in the center. Between 	
0 and 	=	max there is a particular value of 	 that gives

he lowest lacunar (or regular) fractal. This value of 	, ob-
ained after imposing bars and gaps to have the same size
t the initiatior stage, is given by

	R =
1 − N�

N − 1
. �11�

ote that the lacunarity parameter 	 defines gaps inter-
als �pS,l ,qS,l� in Eq. (4), modifying the transmittance of
he PDL. To show that self-similar behavior of the axial
rradiance for PDL is retained, even when the lacunarity
s varied, twist plots are used. In these plots, the axial ir-
adiance given by Eq. (3) is represented as a function of
he normalized axial distance and the lacunarity param-
ter 	. Figure 8 shows twist plots for PDLs with N=4 at
tage of growth S=1 (a) and S=2 (b). Note that, a linear
rayscale was used for the normalized axial irradiance. In
his case the lacunarity parameter 	 is limited by 	min
0 and 	max=3/14. It is obvious that the optical irradi-
nce originated by the PDLs is highly influenced by the
acunarity. The axial irradiance nulls in the above figures
an be understood as multiple cross-interferences among
ifferent phase rings of the PDL. The most noticeable fea-
ure in Fig. 8 is the self-similarity that can be observed
etween the plots corresponding to S=1 and S=2. In fact,
he rescaled data at stage S=1 form an envelope for the
ata at S=2, and both structures are self-similar for any
alue of 	. This result shows that the axial irradiance pro-
ided by a PDL has self-similar properties like those re-
orted for a lacunar FZP [6]. However, as the lacunar FZP
roduces multiple fractal foci along the optical axis, the
rradiance produced by a PDL vanishes outside of the
xial intervals shown in Fig. 8. Hence, the diffraction ef-
ciency of PDLs is significantly improved with respect to
ZPs.

ig. 8. Grayscale representation of the axial response plotted as
function of the normalized axial distance and the lacunarity of
PDL (N=4, �=1/7) with variable lacunarity for: (a) S=1, (b)
=2.
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. PDLS WITH VARIABLE LACUNARITY
NDER POLYCHROMATIC ILLUMINATION
hen using broadband illumination the monochromatic

rradiances provided by the diffractive lenses regarded so
ar are affected by chromatic dispersion. As proposed in
13], for a given DL the subsidiary foci can be considered
n extended depth of focus for each wavelength. Their
verlapping results in a diffractive optical element (DOE)
hat is less sensitive to chromatic aberration than the
onventional Fresnel kinoform lens. This behavior can be
urther improved for a PDL by selecting an adequate
alue of the lacunarity.

Following the conventional approach, the behavior of a
DL under broadband illumination can be evaluated in
erms of the tristimuli values [18] computed along the op-
ical axis:

X =�
�2

�1

I�r = 0,z;��S���x̃d�; Y =�
�2

�1

I�r = 0,z;��S���ỹd�;

Z =�
�2

�1

I�r = 0,z;��S���z̃d�; �12�

here S��� is the spectral distribution of the source,
x̃ , ỹ , z̃� are the three sensitivity chromatic functions of the
etector, and ��1 ,�2� represent the considered wavelength
nterval. In particular, in the assessment of visual sys-
ems �x̃ , ỹ , z̃� are usually the sensitivity functions of the
uman eye (CIE 1931), and the axial response is normally
xpressed in terms of the axial illuminance Y and the
xial chromaticity coordinates x, y:

x =
X

X + Y + Z
, y =

Y

X + Y + Z
. �13�

o show the improved behavior of a PDL as compared
ith a conventional DL we have computed Eqs. (12) and

13) for the DL reported in [13] and for a PDL with struc-
ural parameters S=1, N=4, �=1/7, and 	=0.1215. We
onsidered 41 monochromatic irradiances numerically
valuated for equally spaced wavelengths ranging from
80 nm to 780 nm. The standard illuminant C was used
s spectral distribution of the source. The design wave-
ength for both DOEs was �=550 nm. The result is shown
n Fig. 9. Clearly, the axial illuminance for the PDL is

ore uniform and has an increased depth of focus com-
ared with the conventional DL [Fig. 9(a)]. The degree of
chromatization is evident in the display of the chroma-
icity [Fig. 9(b)]. In this figure we have computed the
hromaticity curve for the axial points around the main
ocus: 0.9�z / f�1.1. The triangles and squares represent
/ f=0.9 and z / f=1.1, respectively, while the circles repre-
ent z= f for the design wavelength. It can be observed
hat the PDL exhibits a slower chromaticity variation
han the DL, and also that almost the whole curve for this
ens is closer to the point representing the white illumi-
ant.
. CONCLUSIONS
evil’s lenses based on the polyadic Cantor set have been
roposed. These lenses can be considered a more general
amily of fractal diffractive lenses. Several construction
estrictions and interrelations among the different design
arameters have been investigated. The focusing proper-
ies of PDL were analyzed and compared with those cor-
esponding to a conventional Fresnel kinoform lens. It
as shown that the lacunarity parameter has dramatic
ffects on the axial irradiance. This new design param-
ter allows us to improve the performance of fractal
enses, especially under white light illumination

The present study brings new insight into the powerful
otential applications of DLs. These applications cover
ifferent scientific and technological areas that use dif-
ractive optics, ranging from soft x-ray microscopy to THz
maging. A detailed study of the transverse irradiance dis-
ributions produced by PDLs as well as some aspects such
s the influence of optical aberrations, the use of rotation-
lly nonsymmetric phase zone plates, and the properties
f vortex DLs, are currently underway.
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