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Abstract: In this paper we present a new kind of kinoform lenses in which
the phase distribution is characterized by the “devil’s staircase” function.
The focusing properties of these fractal DOEs coined devil’s lenses (DLs)
are analytically studied and compared with conventional Fresnel kinoform
lenses. It is shown that under monochromatic illumination a DL give rise a
single fractal focus that axially replicates the self-similarity of the lens.
Under broadband illumination the superposition of the different
monochromatic foci produces an increase in the depth of focus and also a
strong reduction in the chromaticity variation along the optical axis.
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1. Introduction
Fractal optics is nowadays a well established branch of optics that covers several research
topics including the analysis of the properties of laser beams having fractal spatial and
temporal structure [1]; the study of the properties of fractal optical fields [2-4], and the theory
and applications of fractal diffractive lenses. In this context, we have proposed fractal zone
plates (FraZPs) which are binary amplitude zone plates with fractal profile along the square of
the radial coordinate [5,6]. FraZP have deserved the attention of several experimental research
groups working in diffractive optics [7,8] and inspired the invention of other photonic
structures such as spiral fractal zone plates [9], optical fibers with fractal cross section [10]
and fractal photon sieves [11].
Since the diffraction efficiency of the diffractive optical elements (DOEs) is crucial for
certain practical applications, in this work we introduce the concept of fractal kinoform lenses,
i.e. blazed zone plates [12] with fractal structure. The surface relief of this new kind of DOEs
is obtained using the devil’s staircase function [13]. Because of the form of its generating
function we called these new kind of DOEs “Devil´s Lenses” (DLs). The devil´s staircase
function, that is related to the standard Cantor set, also appears in several areas of physics, as
for instance, in wave-particle interactions [14], in crystal growth [15], and in the mode locking
of the 3D coherent states in high-Q laser cavities [16].
DLs design is formally presented in this paper and an analytical expression for the phase
profile is derived. As blazed DOEs, DLs drives most of the incoming light into one single
main fractal focus, improving in this way the efficiency of FraZPs. The focusing properties of
DLs are studied by computing the intensity distribution along the optical axis and the
evolution of the diffraction patterns transversal to the propagation direction. Moreover, since
most of applications of diffractive lenses are related with broadband illumination sources, the
intensity distributions near the focus is evaluated by means of polychromatic merit functions.
In order to assess our proposal all the results are compared with those obtained with
conventional Fresnel kinoform lenses.
2. Devil’s lenses design
We will call DL to any rotationally symmetric diffractive lens whose phase profile is designed
from a devil’s staircase function. A standard example of a devil's staircase is the Cantor
function, which can be generated from any given Cantor set (CS). The first step in the CS
construction procedure, consists in defining a straight-line segment of unit length called
initiator (stage S=0). Next, at stage S=1, the generator of the set is constructed by dividing the
segment into m equal parts of length 1/m and removing some of them. Then, this procedure is
continued at the subsequent stages, S=2, 3. … Without loss of generality, let us consider the
triadic CS shown in the upper part of Fig. 1(a). In this case m=3 and it is easy to see that, at
stage S there are 2S segments of length 3-S with 2S–1 disjoint gaps intervals [pS,l, qS,l], with l=1,
…, 2S–1. Based on this fractal structure, in this case the devil’s staircase Cantor function [13],
can be defined in the interval [0,1] as

⎧ l
⎪⎪ 2 S
FS (x ) = ⎨ 1 x − q
l
S ,l
⎪ S
+ S
2
⎪⎩ 2 p S ,l +1 −q S ,l

if p S ,l ≤ x ≤ q S ,l
if

q S ,l ≤ x ≤ p S ,l +1

,

(1)

being FS(0)=0 and FS(1)=1. For example, for S=3 [see Fig. 1(a)], the triadic Cantor set
presents seven gaps limited by the following positions inside the unit length: [1/27, 2/27],
[3/27, 6/27], [7/27, 8/27], [9/27, 18/27], [19/27, 20/27], [21/27, 24/27], and [25/27, 26/27].
The steps of the devil’s staircase, FS(x), take in the above intervals the constant values l/23
with l=1, …,7. In between these intervals the continuous function is linear.
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Fig. 1. (a) Triadic Cantor set for S=1, S=2, and S=3. The structure for S=0 is the initiator and
the one corresponding to S=1 is the generator. The Cantor function or Devil’s staircase, FS(x),
is shown under the corresponding Cantor set for S=3. (b) Convergent DL at stage of growth
S=3 and the equivalent kinoform Fresnel lens.

From FS(x) we define the corresponding DL as a circularly symmetric DOE with a phase
profile which follows the Cantor function at a given stage, S. At the gap regions defined by
the Cantor set the phase shift is –l2π, with l=1, …, 2S–1. Thus, the convergent DL
transmittance is defined by
q (ς ) = qDL (ς , S ) = exp ⎡⎣ −i 2 s +1 π FS ( ς ) ⎤⎦ ,

(2)

ς = (r a )

(3)

where
2

is the normalized quadratic radial variable and a is the lens radius. Thus, the phase variation is
quadratic in each zone of the lens. The surface-relief profile, h(r), of the DL corresponding to
the above phase function can be obtained from the relation [17]
⎧⎪
⎛ r2
hDL ( r ) = mod 2π ⎨ −2s +1 π FS ⎜ 2
⎝a
⎩⎪

⎞ ⎫⎪
λ
,
⎟⎬
2
(
π
n − 1)
⎠ ⎭⎪

(4)

where mod2π[φ(r)] is the phase function φ(r) modulo 2π, n is the refractive index of the optical
material used for constructing the lens, and λ is the wavelength of the light.
The upper part of Fig. 1(b) shows the profile of a convergent DL generated using Eq. (4).
For comparison we have depicted at the lower part of the same figure the profile
corresponding to a conventional Fresnel kinoform lens of the same focal length. It is
instructive to note that the DL can be understood as a conventional kinoform lens but with
some missing phase zones.
3. Focusing properties of a DL

Since we will consider DOEs whose minimum feature size is much greater than the
wavelength of incident light we will use the scalar diffraction to evaluate their performance.
In fact, we will show that even for the lower values of S the distinctive features of DLs are
evident. Then, within that approximation, the irradiance at a given point in the diffraction
pattern produced by a general rotationally invariant pupil with a transmittance p(ro) is given
by
2π ⎞
⎟
⎝ λz ⎠
⎛

I ( z, r ) = ⎜
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⎛

∫ p ( ro ) exp ⎜ − i
0

⎝

2

π 2 ⎞ ⎛ 2π ro r ⎞
ro J 0
ro d ro ;
λ z ⎟⎠ ⎜⎝ λ z ⎟⎠

(5)
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Fig. 2. Normalized irradiance vs. the axial coordinate u obtained for aDL at three stages of
growth (upper part) and for its associated Fresnel kinoform lens (lower part).

where z is the axial distance from the pupil plane, r has its origin at the optical axis, and λ is
the wavelength of the incident monochromatic plane wave. If the pupil transmittance is
defined in terms of the normalized variable in Eq. (3), the irradiance can be expressed as the
Hankel transform of the pupil function,
I ( u, v ) = 4π u
2

1
2

∫q

(

(ς )

)

2

exp ( − i 2π uς ) J 0 4π ς uv d ς ,

0

(6)

where q(ς)=p(ro). In Eq. (6), u=a2/2λz and v=r/a are the reduced axial and transverse
coordinates, respectively. If we focus our attention to the values the irradiance takes along the
optical axis, then v=0, and Eq. (6) reads
I 0 ( u ) = 4π u
2

1
2

∫q

2

(ς )

exp ( − i 2π uς ) d ς .

(7)

0

Thus, the axial irradiance can be expressed in terms of the Fourier transform of the mapped
pupil function q(ς). Using Eq. (2) for the transmittance corresponding to a DL and taking into
account that one of the features of self-similar structures is that the dimensionality of the
structure appears in its power spectrum [5], then Eq. (7) predicts that a DL will produce an
irradiance along the optical axis with a fractal profile that resembles the structure of the DL
itself. To show this fact explicitly, the axial irradiance of the DL computed for different stages
of growth S is shown in Fig. 2. The irradiance of the associated kinoform Fresnel lens is
shown in the same figure for comparison. Note that the scale in the axial coordinate for each
value of S is different. It can be seen that the axial position of the focus of the Fresnel
kinoform lens and the central lobe of the DL focus both coincide at the normalized distance
u=3S. Thus, from the change of variables adopted in Eq.(6) the focal length of the DL can be
expressed as
fS =

a2
.
2λ 3S

(8)

As expected, the axial response for the DL exhibits a single major focus and a number of
subsidiary focal points surrounding it, producing a the focus region with a characteristic
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fractal profile. In fact, the three patterns in the upper part of Fig. 2 are self-similar, i.e., as S
becomes larger an increasing number of zeros and maxima are encountered, which are scale
invariant over dilations of factor γ=3. The axial intensity distributions corresponding to the
ZPs of low level involve the curves of the upper ones. This focalization behavior, which is
here demonstrated that DLs satisfy, is, in fact, an exclusive feature of FraZPs and it was called
the axial scale property [5]. Interestingly the main focus of the DLs presents a certain degree
of axial superresolution. This effect is particularly evident from the comparisson of the upper
and lower parts in Fig.2 for the irradiances corresponding to S=2 and S=3.
4. Evolution of the diffraction patterns produced by a DL

The distribution of the diffracted energy, not only in the axial direction but over the whole
transverse plane is of interest for the prediction of the imaging capabilities of the DLs. Thus, a
two-dimensional analysis of the diffracted intensities is required. Equation (6) has been used
to calculate the evolution of the diffraction patterns for a DL from near to far field. The result
obtained for S=2 is shown in the animated Fig. 3 (left). For comparison, the rigth half of this
figure shows the transverse patterns produced by a Fresnel kinoform lens of the same focal
length. The counter in this figure shows the value of the normalized distance (z/f) from the
lens that corresponds to each transversal pattern. In each frame the diffraction pattern is
represented within the range |x/a|<0.5, |y/a|<0.5 of the transverse coordinates and the
intensities are normalized to the maximun value at each transverse plane. In this way, the
relative intensity at the main focus of both lenses (z/f=1) can be directly compared. From this
figure it can be noted that the axial secondary maxima provided by the DL results in an
effective increase of the depth of focus. The intensity given by the kinoform Fresnel lens at
those far planes is almost zero.
Of particular interest are the intensities at transverse planes corresponding to the different
maxima and minima of the axial irradiance. These are depicted in Fig. 4 together with their
relative intensities. Note that the predicted minima are characterized by a concentric doughnut
form.

Fig. 3. (387 kB) Evolution of the transverse diffraction patterns generated by a S=2 DL, (leftt),
and a Fresnel kinoform lens of the same focal lenght.

Fig. 4. Transverse diffraction patterns around the principal focus of a DL with S=2. The
normalized axial distance is given by z/f2=32/u.
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5. Polychromatic behavior of DLs

When using broadband illumination the monochromatic irradiances provided by the
diffractive lenses regarded so far are affected by chromatic dispersion, as shown in Fig. 5. In
the case of DLs the subsidiary foci can be considered as an extended depth of focus for each
wavelength and, as can be seen, they partially overlap with the other ones creating an overall
extended depth of focus, which should be less sensitive to the chromatic aberration than the
conventional Fresnel kinoform lens. In this section we analyze this hypothesis.
Following the conventional approach, thAe behavior of a DL under broadband
illumination can be evaluated in terms of the tristimuli values [18] computed along the optical
axis
λ1

X = ∫ I ( r = 0,z; λ ) S ( λ ) x d λ;
λ2

λ1

Y = ∫ I ( r = 0,z; λ ) S ( λ ) y d λ ;
λ2

λ1

(9)

Z = ∫ I ( r = 0,z; λ ) S ( λ ) z d λ;
λ2

where S(λ) is the spectral distribution of the source and ( x , y, z ) are the three sensitivity
chromatic functions of the detector and (λ1, λ2) represent the considered wavelength interval.
In particular, in the assessment of visual systems ( x , y, z ) are usually the sensitivity
functions of the human eye (CIE 1931) and the axial response is normally expressed in terms
of the axial illuminance Y and the axial chromaticity coordinates x, y,
x=

X
Y
; y=
;
X +Y + Z
X +Y + Z

(10)

In computing Eqs. (9) and (10) we considered 41 monochromatic irradiances numerically
evaluated for equally spaced wavelengths ranging from 380 nm to 780 nm. The standard
illuminant C was used as spectral distribution of the source. The result is shown in Fig. 6.
Clearly, the axial illuminance for the DL [Fig. 6(a)] has an increased depth of focus compared
with the kinoform Fresnel [Fig. 6(b)]. The degree of achromatization is evident in the display
of the chromaticity [Fig. 6(c)]. In this figure we have computed the chromaticity curve for the
axial points around the main focus: 0.8< z/f <1.3. The open circle in this figure represents the
z=f for the design wavelength (λ=550 nm) of both zone plates. The triangles and squares
represent z/f=0.8 and z/f=1.3, respectively. It can be observed that there are slow chromaticity
variations for the DL and that the whole curve is closer to the point representing the white
illuminant.

Fig. 5. Normalized irradiance vs. the axial coordinate u obtained for a DL (left) and for its
associated Fresnel kinoform lens for three wavelengths R=650 nm; G=550 nm; and B=480 nm.
In all cases S=2.
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Fig. 6. Polychromatic axial illuminance computed (a) for a DL and (b) for its associated Fresnel
kinoform lens. The chromaticity of both curves is shown in (c); the continuous line corresponds
to the DL and the dashed line to the Fresnel kinoform.

6. Conclusions

A new type of pure phase DOEs, coined “devil’s lenses”, has been introduced. To avoid the
absorption losses that characterize amplitude fractal zone plates and to improve their
diffraction efficiency the phase function for a typical DL has a quadratic-fractal blazed profile.
It is shown that the distribution of the surface grooves of these fractal lenses is obtained
through the “devil’s staircase” or Cantor function. The focusing properties of DL have been
analyzed and compared with those corresponding to a conventional Fresnel kinoform lens.
When highly monochromatic sources are available the irradiance along the optical axis
provided by a DL presents a single fractal focus with a characteristic fractal profile which
results in a certain degree of axial superresolution for the main axial lobe. The minima
appearing side by side around this lobe present transverse doughnut modes. The particular
structure of the focal volume provided by DLs could be profited to develope optical tweezers,
to trap particles of two different indexes, ones in the bright zones and the others in the dark
core. Interestingly, DLs offer other advantages under polychromatic illumination. In fact, we
have shown that they provide a widening in the axial illuminance and a reduction in the
chromaticity distribution in comparison with the conventional Fresnel kinoform lens. The net
result is an increase in the polychromatic depth of focus. Therefore, the potential uses of DLs
are numerous in applications where a high depth of field is desirable but where the
illumination sources are wideband. These applications cover different scientific and
thecnological areas that use diffractive optics ranging from soft X-ray microscopy to THz
imaging.
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