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Abstract—In this paper, we present two contributions. First,
we develop a computationally efficient technique for the full-wave
characterization of inhomogeneously dielectric-filled cavities
connected to inhomogeneously dielectric-loaded waveguides. This
method is based on the expansion of the electromagnetic field
within the cavity in terms of their solenoidal and irrotational
modes. The presented formulation allows the treatment of hy-
brid modes in the waveguide ports, where the definition of a
characteristic modal impedance or admittance is not possible.
The multimode scattering matrix of the structure is computed
throughout an efficient implementation of the orthonormal-basis
method for the calculation of the cavity modes. Secondly, we have
employed the present technique for the analysis and design of non-
radiative dielectric (NRD) guide components and discontinuities.
Moreover, the application of the bi-orthonormal-basis method for
the calculation of the full-spectrum of NRD guides is demonstrated
as being a very efficient approach for the rigorous treatment of
such guides. Next, an efficient computer-aided design tool has been
developed for the analysis of complex NRD-guide circuits. We
have compared our simulations with theoretical and experimental
results available in the technical literature, fully validating our
software. This code has been employed for the specific analysis of
a linear continuous taper to match two NRD guides with different
widths, demonstrating a considerable reduction of the return
losses over a wide frequency band. Finally, stopband and bandpass
NRD-guide filters based on an electromagnetic-bandgap concept
are presented.

Index Terms—Bi-orthonormality relationship, electromagnetic
bandgap (EBG), dielectric-loaded cavity, Galerkin method, non-
radiative dielectric (NRD) guide, orthonormality relationship.

I. INTRODUCTION

I N MANY applications of electromagnetic-field theory, the
rigorous analysis of microwave cavities is a crucial point.

The study of the junction between a central cavity to the
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adjacent connected waveguides has been analyzed over the
last years by several authors [1]–[5]. In particular, the boundary-
integral–resonant-mode expansion (BI–RME) technique [6] has
been efficiently applied to the analysis of cavities with arbitrary
geometry involving metallic obstacles [7], [8]. The analyzed
structures in the referred studies did not include the presence
of dielectric inhomogeneities. However, the study of dielectric-
loaded cavities has deserved the attention of numerous research
groups over the last decades mainly due to the applications
of dielectric resonators as microwave filters in satellite and
mobile telecommunications because of their small size, low
loss, and temperature stability. Thus, a large number of papers
are found in the technical literature dedicated to the numerical
calculations of the eigenmodes and eigenvectors of canonical
metallic cavities loaded with dielectric resonators [9]–[17].
In the same way, the study in detail of the problem of the
junction between a dielectric-loaded cavity and their input
and output waveguide ports attracts the attention of numerous
researchers due to the applications of such subsystems in
microwave dielectric-resonator filters. Several techniques such
as the mode matching [18], [19], finite-element method (FEM)
[20], [21], and finite-difference time-domain (FDTD) procedure
[22] have been employed to deal with this problem.

Within this demanding scenario, the numerical modeling
of dielectric-loaded cavities connected to inhomogeneously
dielectric-filled waveguides is the main objective of this paper.
Inspired by the aforementioned BI–RME method, we have
developed a rigorous and computationally efficient technique
based on the expansion of the electromagnetic field with respect
to the complete set of modes of the closed cavity. Substituting
these expansions into the Maxwell’s equations in the presence
of virtual driving currents—following the standard procedure
proposed in [23] and [24]—the expansion coefficients of the
electromagnetic field inside the cavity are expressed in terms
of the waveguide fields since these assumed currents are, in
their turn, induced by the total fields in the waveguides at
the cavity ports. In this way, the expansion coefficients of the
cavity modes can be eliminated, obtaining a linear system of
equations relating the modal coefficients of the waveguide
modes, which allows to lead directly to the computation of the
multimode scattering matrix.

On the other hand, in order to produce a versatile algorithm
valid for the analysis of complex structures, we have considered
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dielectric-loaded guides as input and output waveguide ports. As
it is well known, the modal spectrum supported by dielectric-
loaded waveguides consists of TE, TM, and hybrid modes [24].
In the case of the TE and TM modes, it is possible to define—at
least formally—a characteristic modal impedance. For instance,
the characteristic modal impedances of a rectangular dielectric
slab loaded rectangular waveguide are given by (see [24, Ch. 6])

(1)

for the and modes (also denoted as longitudinal
section electric (LSE) and longitudinal section magnetic
(LSM), respectively). It can be observed in these expressions
that the modal impedance of the modes is completely
well defined, whereas the corresponding one to the modes
depends on the point since the dielectric permittivity is spatially
dependent. In this sense, the modal impedance is a func-
tion of the position. Consequently, the standard mode-matching
techniques based on the definition of characteristic modal
impedances or admittances [2]–[4], [6]–[8], [18] cannot be
directly applied when inhomogeneous dielectric waveguides are
involved. Moreover, for the general case of hybrid modes, the
definition of a modal characteristic impedance or admittance
is not always possible (see, for instance, the image dielectric
guide [25]). The merit of the current method is to provide an
efficient and rigorous algorithm suitable for the treatment of
the hybrid modes present in dielectric-loaded guides.

As a practical application, we have used our technique
for the analysis of integrated nonradiative dielectric (NRD)
components. The NRD guide is recognized as the first dielec-
tric waveguide that has been found practically meaningful in
the low-cost circuit design for millimeter and sub-millimeter
bands; over the last decades, numerous publications can be
found in the scientific literature for the analysis and design of
NRD integrated circuits (see, e.g., [26]–[30]). Modeling and
characterization of NRD-guide components is an important
task for the correct design and optimization of complex circuits
based on NRD guides. To this end, we have employed the
orthonormal-basis technique [17] for the calculations of the
eigenmodes and eigenvectors of the dielectric-loaded cavities.
Moreover, the bi-orthonormal-basis method [31], [32] has been
successfully used for the evaluation of the full-modal spectrum
of the NRD waveguides. Finally, we analyze several stop-
band and bandpass NRD filters based on the electromagnetic
bandgap (EBG) concept.

This paper is organized as follows. In Section II, we present
theoretical formalism. In Section III, we compare our results
with those theoretical and experimental presented by other au-
thors to fully validate the theory. Next, we tackle the analysis
of a novel transition between two NRD guides and the study of
EBG filters in NRD technology. Finally, we summarize our con-
clusions in Section IV.

II. THEORY

Let us consider an inhomogeneously dielectric filled cavity
of arbitrary shape and perfectly conducting boundaries, as
shown in Fig. 1, where is the unit vector directed outwards

Fig. 1. Inhomogeneously dielectric-filled cavity connected to N

dielectric-loaded waveguide ports.

normal to the wall surface of the cavity. The dielectric filling
medium is assumed to be lossless ( is a real function)
and nonmagnetic . The cavity presented in Fig. 1 is
connected to inhomogeneously dielectric filled waveguides
of uniform transverse cross section. As it is well known, the
full set of modes supported by these guides involve, in the
most general case, hybrid modes. Thus, the developed theory
presented in this paper is not only restricted to the conventional
TE and TM modes (or LSE and LSM modes), also being
applicable to the most general case of hybrid modes. We
assume that the time dependence is always implicit and has
a harmonic form .

A. Eigenmode Expansion in an Inhomogeneously Dielectric
Filled Closed Cavity With Sources

The electric and magnetic fields inside a closed cavity con-
taining inhomogeneous dielectric media can be expanded in
terms of two kinds of modes, i.e., the solenoidal and irrotational
modes [23], [24], [33]. The differential equations governing the
solenoidal magnetic and electric modes and , respectively,
are given by

and (2)

and

and (3)

where is the corresponding eigenvalue, whereas
the irrotational magnetic and electric modes and , respec-
tively, are described by the following eigenvalue problems:

and (4)

and

and (5)

where and are their corresponding eigenvalues [24]. The
fields in (2)–(5) have to fulfill the proper boundary conditions
on the surface as follows:

(6)
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These modes satisfy the following orthonormality relationships:

(7)

where is the standard inner product for
real fields in the cavity and is the Kronecker delta. Fur-
thermore, each solenoidal eigenfunction can be selected so as to
make a pair and satisfying

(8)

Thus, by using (7), the electromagnetic field inside the cavity
can be expanded in terms of the cavity modes

(9a)

(9b)

where and are the modal expansions coeffi-
cients given by

(10)

To proceed, we write Maxwell’s equations in the presence of
electric and magnetic current density distributions and ,
respectively, as follows:

(11)

Those current densities play the role of driving currents, capable
of supplying power to the cavity [33]. In our problem, they are
fictitious surface currents restricted to the connecting port
surfaces, (see Fig. 1), given by the tangential electric and
magnetic components over the waveguide port surface

and , respectively, as will be expounded
upon in Section II-B.

By expanding the -like function in terms of both
types of magnetic modes, and the -like function
in terms of the electric ones [24], and after some algebraic ma-
nipulations, we obtain the expansion coefficients in terms of the
equivalent magnetic current density

(12)

where is the wavenumber of the free space.

B. Scattering Matrix of an Inhomogeneously Dielectric
Filled Cavity

The objective here is to obtain an alternative procedure, al-
ways based on the theory of cavities, as described in detail in
Section II-A, to develop a multimode scattering matrix for the
arbitrary cavity depicted in Fig. 1, connected to ports.

To set up the formulation, we define the following inner prod-
ucts for the fields in the waveguide ports connected to the cavity

(13)

where and are arbitrary complex vectors defined on the
transverse cross section of the th waveguide, and is the
unitary vector normal to the cross section of each uniform guide,
directed inside the cavity (see Fig. 1). These inner products are
obviously based on the well-known orthonormality relationship
of the electromagnetic field in a waveguide (see, e.g., [24]) in
such a manner that

(14)

where and are the normalized transverse electric and
magnetic modal vectors of the th waveguide. Thus, the trans-
verse electric and magnetic fields in the waveguide can be ex-
pressed as series of the normalized modal vectors.

In order to calculate the multimode scattering matrix of the
structure, let us consider that some modes of certain guides are
incident on their corresponding cavity ports with nonzero am-
plitudes . Consequently, the electromagnetic field will be
excited in the cavity, and a substantial amount of power will
leak out to the other ports with amplitudes . Thus, consid-
ering that the reference planes of all guides coincide with their
corresponding cavity ports , the tangential field in
the connecting waveguide ports can be ex-
pressed as follows:

(15a)

(15b)

where is the number of modes considered (both propaga-
tive and evanescent) in the th port, and and are coeffi-
cients given, in terms of the incoming and outgoing amplitudes,
by

(16)

To continue, we introduce the total tangential electric field
at the connecting ports (15a) into the cavity modal expansion
coefficients (12), just obtaining the following expressions:

(17)
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where and represent the coupling coefficients between
the cavity modes and guided modes of the ports

(18)

To conclude the formulation, we apply the boundary condi-
tion of the magnetic field on the apertures

(19)

By inserting into this expression (9b) and (15b), we obtain the
following set of equations:

(20)

which can be exploited by applying the Galerkin’s procedure,
just integrating in the surface of each waveguide port, and where

range all the waveguides

(21)

Making use of the orthonormality property of the waveguide
modes (14), the second term of (21) is directly evaluated, being
equal to the modal coefficient , whereas the first term can
be developed by means of the coefficients given in (17), just
transforming our problem into a set of linear equations as

(22)

where the elements of the matrix turn out to be defined
as

(23)

Equation (22) can be rewritten in matrix form as

. . .
...

...

where each represents a submatrix containing the ele-
ments defined in (23), and and are vectors composed
by the modal coefficients given in (16), all of them for fixed
values of and . It is worthwhile to mention that the order of
this linear system is . Finally,
in order to obtain the multimode scattering matrix of the junc-
tion, the previous linear system is transformed into

(24)

where is the unitary matrix of order is the matrix
containing the submatrices , and and represent
column vectors containing the corresponding coefficients
defined in (16). The numerical solution of (24) automatically
leads to the computation of the scattering matrix elements of
the cavity junction.

Fig. 2. Transversal cross-sectional view of a conventional NRD guide. The
spacing between the two metallic plates is a, the dielectric thickness is b, and
the relative dielectric permittivity is " .

III. NUMERICAL RESULTS

A. Full Modal Analysis of NRD Guides by Means of the
Bi-Orthogonal-Basis Method

In order to calculate the modes of the NRD guides (see
Fig. 2), the bi-orthogonal-basis method has been employed
[31]. This novel technique has been demonstrated to be com-
putationally efficient in obtaining the full modal spectrum
of dielectric-loaded guides with canonical geometries [32].
For simulation purposes, two equidistant perfect electric
walls parallel to the -axis are placed far enough from the
dielectric central block. This technique uses the modes of an
auxiliary system to expand the modes of the problem. In our
case, the auxiliary system is the homogeneous waveguide that
one obtains when there is no dielectric. First, in Fig. 3, we
show the modal distribution of the two first modes
and of a conventional NRD guide. To validate the
procedure developed here, a comparison of the dispersion
curve of the fundamental mode between our calculations and
the analytical ones obtained with the multimodal transverse
resonance technique [30] is shown in Fig. 4, finding a very
good agreement. For such calculation, 200 auxiliary modes
have been used to expand each NRD-guide mode. The CPU
time has been approximately 0.6 s per frequency point in a
Pentium III at 1000 MHz.

The current method allows to consider the presence of lossy
dielectric materials in a rigorous form [34] instead of employing
a conventional perturbative approach. Thus, in Fig. 5, we plot
the ratio between the transmission losses for the mode
of a conventional NRD guide calculated with our method and
the values given by Dallaire and Wu in [29], which have been
obtained using a perturbative method, as a function of the loss
tangent. In Fig. 5, the perturbative solution would be represented
by the dashed horizontal line (ratio equal to 0 dB/m). For low
values of , the perturbative solution approaches monoto-
nously to our rigorous solution, thus showing the validity region
of the perturbative approach commonly employed for the calcu-
lation of the attenuation constant associated with the dielectric
losses.

B. Analysis of Discontinuities Between NRD Guides

Next, an aligned air-gap discontinuity between two identical
NRD guides has been analyzed by means of the algorithm de-
scribed in Section II [see Fig. 6(a)]. In this example, an empty
rectangular cavity connected to two NRD guides has allowed
the system to be simulated. For this simple case, the analyti-
cally obtained cavity modes of an empty rectangular metallic
box (e.g., [24]) has been employed for the electromagnetic-field
expansion within the cavity [see (9a) and (9b)]. In Fig. 6(b) and
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Fig. 3. Transverse electric- and magnetic-field patterns of LSM and
LSE modes of a conventional NRD guide at a frequency of 28 GHz
(a = 5 mm, b = 3:556 mm, " = 2:56).

Fig. 4. Normalized propagation constant of the LSM mode of a
conventional NRD guide (solid line) in comparison with the analytical results
presented in [30] (plotted points) (a = 5 mm, b = 3:556mm, " = 2:56).

Fig. 5. Transmission-loss ratio between our simulations and the results
presented in [29] for the LSM mode of a conventional NRD guide at
a frequency of 28 GHz as a function of the loss tangent (a = 5 mm,
b = 3:556mm, " = 2:56). The inset shows a detail around the origin.

(c), the reflection and transmission coefficients under
mode excitation are plotted together with the theoretical results
presented in [30], finding a very good agreement. Note that the

mode is evanescent below 28.688 GHz. The intermode
coupling between LSM and LSE modes has been taken into ac-
count in all simulations.

Fig. 6. Analysis of an air-gap discontinuity between two identical NRD guides
(a = 5 mm, b = 3:556 mm, " = 2:56; d = 0:5b). Comparison between our
results (solid line) and those presented in [30] (plotted points). (a) Scheme of
the structure. (b) Reflection and transmission coefficients of the LSM mode
under LSM incidence. (c) Reflection and transmission coefficients of the
LSE mode under LSM incidence.

The following example is devoted to the performance of an
air-gap discontinuity between two NRD guides with different
widths showed in Fig. 7(a). The modeling of this structure
is similar to the previous one. The scattering parameters
under incident mode are displayed in Fig. 7(b) and
(c), demonstrating the appearance of the intermode coupling
between the propagative modes above 28.688 GHz. It is
worthwhile to mention the significant loss of transmitted
power appreciated for the case [see Fig. 7(b)] with
respect to the case when the air gap disappears, i.e.,
[see Fig. 7(c)]. This phenomenon is a physical consequence of
the existing air-gap discontinuity between the NRG guides in
connection with the appreciable difference of the widths.

In order to reduce this loss of transmitted power, we propose
to match both guides by means of a simple linear continuous
taper. This novel matching structure, which consists of the direct
junction of both NRD guides through a trapezoidal dielectric
central block with the same dielectric permittivity than the input
and output waveguides, is showed in Fig. 8(a). To model this
structure, the cavity formed by a dielectric trapezoid immersed
into an empty cavity has been employed. It is worth pointing out
here that our technique avoids the use of the staircase approxi-
mation, commonly used for the analysis of irregular shapes
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Fig. 7. Analysis of an air-gap discontinuity between two NRD guides with
different widths (a = 5 mm, b = 5 mm, b = 3:556 mm, " = 2:56).
(a) Configuration of the structure. Reflection and transmission coefficients of
the LSM and LSE modes under LSM incidence for (b) d = 0:5b

and (c) d = 0.

Fig. 8. Analysis of a linear continuous taper between two NRD guides with
different widths (a = 5 mm, b = 5 mm, b = 3:556 mm, " = 2:56).
(a) Configuration of the structure. (b) Reflection coefficient of the LSM
mode under LSM excitation for d = 0; d = b ; and d = 2b .

[37]. In Fig. 8(b), we present the reflection coefficient under the
incident mode for different separation lengths between

Fig. 9. Analysis of a three-pole bandpass NRD filter (a = 2:7 mm, b =

3:5 mm, " = 2:04 (Teflon), d = d = 1:6 mm, d = d = 3:5 mm,
l = l = l = 2:72 mm). (a) Configuration of the filter. (b) Comparison
between our theoretical results and the experimental ones presented in [27].

guides. For the case , a dramatic reduction of the reflec-
tion coefficient over a considerable bandwidth compared to the
abrupt junction can be noticed, which is a consequence
of the presence of the matching structure.

C. Analysis of an NRD-Guide Filter Based on EBG Concept

Here, we are interested in the analysis of NRD-guide bandpass
and stopband filters employing the EBG concept. To proceed,
a versatile and accurate Fortran code has been written oriented
to the rigorous analysis of complex NRD-guide circuits. To
validate this software, we first compare our simulations with
the experimental results presented in [27] for the three-pole
bandpass filter showed in Fig. 9(a). For simulation purposes,
the central cavity is formed by the three dielectric blocks
(resonators) separated by the corresponding air gaps (inverters).
A good agreement has been achieved in Fig. 9(b). Very good
agreement is also found with other numerical results obtained
in [28], fully validating our software. The CPU time requested
to simulate this filter on a PC at 1000 MHz is 51 min for
the numerical calculation of the first 1000 solenoidal resonant
modes (the auxiliary basis is formed by 5000 modes of the
empty cavity), and 1.9 s per frequency point to compute the
scattering parameters.

The EBG concept in periodic dielectric structures has been
widely extended for the last years for applications in both mi-
crowave and optical ranges [35], [36] in such a way that the
band structure concepts of solid-state physics are applied to
electromagnetic theory. Thus, infinite periodic-grating NRD-
guide structures are found useful for filter design. The predic-
tion of forbidden and allowed bands is the fundamental piece
for such purposes. Following the results presented by Boone
and Wu in [30], we have employed the EBG structure proposed
by those authors for analyzing realistic stopband and bandpass
EBG NRD-guide filters. The mentioned structure consists of an
infinite series of dielectric stubs inserted into an NRD guide, as
shown in Fig. 10(a). The period of the grating is , where
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Fig. 10. Analysis of EBG NRD-guide filters (a = 5 mm, b = 3:556 mm,
" = 2:56; d = l = b; t = 1:5b). (a) Configuration of the EBG structure.
(b) Transmitted power of a stopband filter under LSM incidence for a
different number of periods.

is the distance between each stub and the next, and is the
stub width; the stub length is denoted as . In our calculations,
the central resonant cavity is now formed by periods of the
stub grating connected through the input and output NRD-guide
ports.

The first analyzed structure is a stopband EBG NRD filter
based on the forbidden bandgap predicted through the Brillouin
diagram in [30, Fig. 13]. The bandgap in that figure, for the case

[see Fig. 10(a)] is roughly in the frequency interval
from 27.3 to 28.4 GHz. For a realistic implementation of such a
filter, the number of stubs has to be finite. Thus, we present the
EBG stopband filter in Fig. 10(a), plotting the transmittance re-
sponse under an excitation mode for several number of
periods [see Fig. 10(b)]. As a consequence, we need to consider
at least periods to obtain a good filter performance
enhancing the EBG behavior. The bandwidth and central fre-
quency of this kind of filter is mainly controlled by the geomet-
rical parameters and . It should be noted that, in the covered
frequency interval, only is propagative, being evanes-
cent the remainder of the modes. Other configurations could be
provided for a specific application.

Finally, we have studied a bandpass EBG NRD-guide filter
based on the concept of localized mode at defects, commonly
used in the design of the EBG’s components. For such a purpose,
we have modified the width of the central stub, maintaining
a constant distance between stubs. Consequently, a defect is
created in the otherwise periodic structure. It is well known
that defects may permit localized modes to exist with resonant
frequencies inside bandgaps [35], [36]. In Fig. 11(b), we present
the frequency response of the bandpass filter based on this
kind of cavity for the case in which the modified width of the
central stub . The presence of a transmission peak near
28.15 GHz can be observed, which is the only frequency in the
band gap that corresponds to a cavity mode localized around
the central defect. The magnetic energy density of
this resonant mode of the closed cavity is depicted in Fig. 11(a).

Fig. 11. (a) Normalized magnetic energy density of the resonant mode
at 28.15 GHz, with M = 15 periods and when a defect is introduced by
increasing the central stub width [see Fig. 10(a)], l = 1:8l. The localized
mode can be clearly visualized around the defect. (b) Transmitted power of
the structure under LSM incidence showing its bandpass filter response
associated to the localized mode at the central defect.

IV. CONCLUSION

This paper has presented a rigorous and computationally effi-
cient technique for modeling inhomogeneously dielectric-filled
cavities connected to inhomogeneously dielectric-loaded
waveguides. This method is based on the expansion of the
electromagnetic field within the closed cavity in terms of
their solenoidal and irrotational modes, which, in turn, have
been evaluated throughout an efficient implementation of
the orthonormal-basis method. The presented formulation
allows the treatment of hybrid modes in the waveguide ports.
Moreover, the application of the bi-orthonormal-basis method
for the calculation of the full spectrum of NRD guides has been
demonstrated as being a very efficient approach for the rigorous
treatment of such guides. The employment of equivalent sur-
face magnetic currents, determined by the transversal electric
field at the waveguide ports, allows to efficiently compute the
multimode scattering matrix of the structure. With the pre-
sented technique, we have analyzed NRD-guide components
and discontinuities. In particular, we have tackled the analysis
and design of a linear continuous taper to match two NRD
guides with different widths, demonstrating a considerable
reduction of the return losses over a wide frequency band.
Finally, a stopband and bandpass NRD-guide filters based
on EBG concept have been presented, proving the need for
modeling realistic finite EBG devices.
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